Gene regulatory networks (GRNs) play an important role in maintaining cellular function by correctly timing key processes such as cell division and apoptosis. GRNs are known to contain similar structural components, which describe how genes and proteins within a network interact -typically by feedback. In many GRNs, proteins bind to gene-sites in the nucleus thereby altering the transcription rate. If the binding reduces the transcription rate there is a negative feedback leading to oscillatory behaviour in mRNA and protein levels, both spatially (e.g. by observing fluorescently labelled molecules in single cells) and temporally (e.g. by observing protein/mRNA levels over time). Mathematical modelling of GRNs has focussed on such oscillatory behaviour. Recent computational modelling has demonstrated that spatial movement of the molecules is a vital component of GRNs, while it has been proved rigorously that the diffusion coefficient of the protein/mRNA acts as a bifurcation parameter and gives rise to a Hopf-bifurcation. In this paper we consider the spatial aspect further by considering the specific location of gene and protein production, showing that there is an optimum range for the distance between an mRNA gene-site and a protein production site in order to achieve oscillations. We first present a model of a well-known GRN, the Hes1 system, and then extend the approach to examine spatio-temporal models of synthetic GRNs e.g. n-gene repressilator and activator-repressor systems. By incorporating the idea of production sites into such models we show that the spatial component is vital to fully understand GRN dynamics.
where m(x, t) and p(x, t) are the concentrations of hes1 δ ε
Figure 1: Simple schematic of the Hes1 gene regulatory system. Hes1 protein is produced from hes1 mRNA via translation, but then inhibits the production of hes1 mRNA (represses or down-regulates transcription).
with ε > 0 a small parameter indicating the half-width 179 of the function. We consider a symmetric 1D interval 180
x ∈ [−1, 1], and the positions of the gene and protein 181 production sites will be varied. We assume zero-flux 182 (Neumann) boundary conditions on the edges of the do-183 main such that:
and zero initial conditions, i.e., Value D diffusion coefficient 0.00075 α m mRNA transcription rate 1.0 α p protein translation rate 2.0 µ natural degradation rate 0.03 h hill coefficient 5 ε small parameter used in 0.01 delta-function approx. Table 1 : Non-dimensional parameter values used throughout our simulations. Note initially we consider that both mRNA and protein diffuse at the same rate such that D m = D p = D.
mensional counterparts [a] are given as follows:
where τ and L are a reference time and length, respect-210 ively and m 0 and p 0 are reference concentrations of 211 mRNA, m and protein, p. Following Sturrock et al.
212
(2012) we take m 0 = 0.0015µM and p 0 = 0.001µM.
213
Taking their lead we suppose that a cell is of width (3) and initial conditions (4), first in Matlab using 233 the inbuilt pdepe solver and then using COMSOL, and protein production affects whether the system 239 will oscillate, we choose to fix the mRNA gene-site
240
(at x m = 0.0) and vary the position of two protein 241 production sites (symmetric about x m ). We observe 242 that if the protein production sites are either too close 243 to (solid cyan curves, x p = ±0.1) or too far away from 244 (red dashed curves, x p = ±0.9) the mRNA gene-site, 245 the system will not oscillate. Instead, in both cases, x p = ±0.9, the system does initially exhibit oscillatory 249 behaviour, however oscillations are quickly damped.
251
For protein production sites which are adequately 252 separated from the mRNA gene-site (blue dashed, 253 black solid and green dotted curves), oscillations occur.
254
The periods we observe exhibit quite wide variation, 255 with the period increasing in proportion to the distance 256 between production sites. For example, the period var- (for x p = ±0.7). The amplitude of mRNA oscillations 259 increases as the protein production site moves further 260 away, suggesting that an increase in separation leads 261 to higher peak levels of mRNA. However, the highest 262 peak level for the protein is observed for a mid-range 263 separation distance, e.g. x p = ±0.5. See Figure A .14
264
of Appendix A for the full space-time behaviour of 265 mRNA and protein concentrations for the Hes1 system
266
(1) with x m = 0.0 and x p = {±0.1, ±0.5, ±0.9}.
268
Our results indicate that separation between mRNA and 269 protein production sites can affect whether oscillations 270 occur, even for an "optimum" diffusion rate. Moreover The mRNA gene-site is located at x m = 0.0 and the protein production sites are located at x p = {±0.1, ±0.3, ±0.5, ±0.7, ±0.9} (see legend). we base our synthetic multi-gene repressilator on the 362 Hes1 system structure. As such the equations in 1D are 363 taken to be:
Varying the Diffusion Coefficients
where i = {1, 2, 3, . . . n} and, since the repression of 365 mRNA comes from the preceding protein in the system, 366 j = {n, 1, 2, 3, . . . (n − 1)}, for an n-gene system. As be-367 fore we use a Dirac approximation of the δ-distribution 368 function, this time located at the production sites x mi and 369
x pi , with i as above. In our simulations we consider the 370 effect of varying the position of these production sites.
371
The boundary conditions and initial conditions are, as 372 before, such that:
3.1. Two-gene Repressilator 374 We begin our analysis of multi-gene repressilators by Figure 4 : Simple schematic of the two-gene repressilator system. Each species mRNA produces its own protein. Each species' protein inhibits the production of the other species' mRNA.
We solve the 1D system (6), where n = 2, with bound-380 ary conditions (7) and initial conditions (8) using the 381 pdepe solver in Matlab (comparable results were ob-382 tained using COMSOL). Parameters remain as for the 383 Hes1 system and are given in Table 1 . By solving the 384 system for numerous production site scenarios and vary-385 ing the diffusion coefficients, we find that the two-gene In case (a) both genes have the same production sites 401 which are optimally separated for both diffusion coeffi-402 cient regimes (x m1 = x m2 = 0.0 and x p1 = x p2 = ±0.5).
403
We observe oscillations, for both regimes, which match distances only optimal for the second diffusion coeffi-415 cient regime (x m1 = x m2 = 0.0 and x p1 = x p2 = ±0.9).
416
Oscillations are only seen for the second diffusion coef-417 ficient regime. In case (d) the two genes have differ-418 ent production sites with separation distances remaining 419 optimal for only the second diffusion coefficient regime
1, x p1 = ±0.9 and x p2 = ±1.0).
421
In this case neither diffusion coefficient regime leads to Oscillations may only be obtained if the two genes share 427 the same production sites, when the system effectively 428 behaves like a one-gene repressilator, the Hes1 system.
429
However, in such a case, the separation between pro- Bottom panel: second regime, D m = 0.0075 and D p = D. Case (a) -solid black curve: the production sites are x m1 = x m2 = 0.0 and x p1 = x p2 = ±0.5. Case (b)blue dotted curve: the production sites are x m1 = ±0.2, x m2 = ±0.4, x p1 = ±0.7 and x p2 = ±0.9. Case (c) -red dashed curve: the production sites are x m1 = x m2 = 0.0, x p1 = x p2 = ±0.9. Case (d) -cyan dot-dashed curve: the production sites are x m1 = 0.0, x m2 = ±0.1, x p1 = ±0.9 and x p2 = ±1.0.
duction sites must then be optimised in relation to the 431 diffusion coefficients in order to obtain oscillations. In 432 support of these results we note that we have obtained 433 comparable results for other geometries. 
Three-gene Repressilator

435
We now consider the behaviour of a three-gene system, x m2 = ±0.4, x p1 = ±0.5, x p2 = ±0.7 and x p3 = ±0.9).
460
In this case, unlike for the two-gene repressilator, Since we find that the three-gene repressilator will 495 oscillate when each of the three genes are produced 496 in different locations we can extend our investigation. 497 We consider a wide range of scenarios for production 498 site position and find that the three-gene repressilator 499 continues to oscillate readily. We investigate the 
504
We find that the three-gene repressilator will oscillate 505 when the separation distances to and from one or and protein production site separation. This suggests 532 that whether the system will oscillate or not is governed 533 by the greatest separation distance, rather than the 534 least. Provided that this greatest distance is within the 535 optimum range, the system will oscillate. Again we 536 note that the amplitude and period of the oscillations 537 we observe are higher than for the case when all three 538 species share the same mRNA and protein production 539 sites.
540 Figure 8 : Total mRNA concentration for species 1 for the three-gene repressilator, under the first diffusion coefficient regime, D m = D p = D. Case (a) -solid black curve: the production sites are x m1 = x m2 = x m3 = 0.0, x p1 = x p2 = ±0.5 and x p3 = ±0.9. Case (b) -blue dotted curve: the production sites are x m1 = x m2 = x m3 = 0.0, x p1 = ±0.5 and x p2 = x p3 = ±0.9. Case (c) -red dashed curve: the production sites are x m1 = x m2 = ±0.4, x m3 = 0.0, x p1 = x p2 = x p3 = ±0.9. Case (d) -cyan dot-dashed curve: the production sites are x m1 = ±0.4, x m2 = x m3 = 0.0, x p1 = x p2 = x p3 = ±0.9.
541
Conducting a similar investigation considering cases 542 when the separation distances to and from one or two 543 mRNA(s) or protein(s) are too large, we find that the 544 system does not necessarily oscillate. This would 545 confirm our assertion that the system oscillates only 546 when the greatest separation distance is optimised. In 547 Figure 8 we show the behaviour of species 1 mRNA All of our findings together suggest that the three-569 gene repressilator system is a more robust oscillator 570 than the two-gene repressilator. It will oscillate when 571 species do not share production sites and requires only 572 one separation distance to be optimal, other distances 573 can be too close (but not too far) and the system will 574 still oscillate. We have found comparable results in 575 other geometries. although the six-gene system oscillates less frequently 591 than the seven-gene system. Increasing the number of 592 genes in a repressilator system makes the system more 593 robust and more likely to oscillate, with a bias towards 594 an odd number of genes which (for the cases we con-595 sider) are more robust than the even number cases. In 596 particular, for the cases studied here, repressilator sys-597 tems with distinct production sites preferentially oscil-598 late for systems with an odd number of genes. Since it is 599 highly likely that the production sites of different genes 600 are at different locations, this is an important result. If 601 oscillations are to be achieved the separation distances 602 between production sites of mRNA and protein must be 603 optimised in relation to the rate of diffusion. We modify the system of equations for the two-gene re-638 pressilator system by altering the Hill function for the 639 Figure 9 : Simple schematic of the two-gene activatorrepressor system. Each species mRNA produces its own protein. Species 1 protein promotes the production of species 2 mRNA, while species 2 protein inhibits the production of species 1 mRNA.
second species so that its mRNA is promoted (rather 
where the m i (x, t) and p i (x, t) are the concentrations of 647 mRNA and protein, respectively for genes i = {1, 2}.
648
The boundary conditions and the initial conditions are, 649 as before (see (7) and (8)). 650 651
We solve system (9) with boundary conditions (7) make a direct comparison between the two systems 664 (see Figure 5 ). For the first diffusion coefficient 665 regime, oscillations occur provided that the separation 666 between the production sites is not too great (in this 667 case oscillating for a separation of 0.5 but not 0.9).
668
However, the production sites for the two species are 669 not required to be in the same location; both cases (a) 670 and (b) oscillate. The two-gene activator-repressilator 671 system (A) is a more robust oscillator than the simple 672 two-gene repressilator since it will oscillate even when
Interesting dynamics are also observed for the system 711 when we bring the production sites close together.
712
For both diffusion coefficient regimes, we observe 713 large amplitude oscillations in the second species but 714 very low amplitude oscillations in the first species.
715
When only one of the species is too close, it does not 716 matter which species is operating under the optimum 717 separation; oscillations will occur. In either case, the 718 peak widths for species 1 are much narrower and the 719 peak levels obtained are much lower than for species For this activator-repressor system we again modify the 739 system of equations given for the two-gene repressil- 
where the variables m i (x, t) and p i (x, t) remain as per 746 (9). The boundary conditions and the initial conditions 747 are, as before (see (7) and (8)). Most of the previous work in this area has adop-953 ted a delay differential equation approach where a Figure A .14: Spatial-temporal concentrations of mRNA (left) and protein (right) concentrations for the Hes1 system. The top panels indicate the behaviour when the production sites are too close together (x m = 0.0 and x p = ±0.1). The middle panels indicate the behaviour when the production sites are at an optimum distance (x m = 0.0 and x p = ±0.5). The bottom panels indicate the behaviour when the production sites are too far apart (x m = 0.0 and x p = ±0.9).
x m2 = ±0.2, x m3 = ±0.4, x p1 = ±0.5, x p2 = ±0.7 where n is a unit normal to the boundary surface. We 1100 assume zero initial concentrations. We consider that the In Figure B .20 we show the behaviour of the mRNA 1116 and protein concentrations for specific cases. In each 1117 case r m = 0.0 is fixed and we vary r p taking the values 1118 r p = {0.1, 0.3, 0.5, 0.7, 0.9}. We solve system (B.1) us-1119 ing COMSOL taking the same parameters as for the 1D 1120 model (see Table 1 ) apart from α m which we increase 
